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R ECENT experimental and numerical studies involving the
interaction of three-dimensional curved vortices with shock

fronts, in a class of problems known as shock wave/vortex interac-
tions, have renewed interest in the evaluation of the vorticity jump
across a gasdynamic discontinuity. The original study for inviscid
flow, with no other limitations on the state of the flow upstream of
the discontinuity, is due to Hayes.1 In Ref. 1, Hayes used an elegant
analytical approach to obtain relations for the vorticity jump across
a gasdynamic discontinuity in both steady and unsteady flows. In
a recent book, Emanuel2 disputes the validity of equations derived
by Hayes, claiming that the analysis presented in Ref. 1 is in error.
This requires some clarification, which we address here.

In Ref. 1, Hayes showed that the normal and tangential compo-
nents of the vorticity jump across a general three-dimensional shock
in a steady flow are

(n = 0

[Vt(pqn)8(p'1) -

(1)
(2)

where £ = £, + n£n is the vorticity vector, q the velocity vector,
p the fluid density, n the unit vector normal to the shock surface,
V; the surface gradient operator, and subscripts t and n the compo-
nents tangential and normal to the shock surface, respectively. Since
Eq. (1) indicates that the normal component of the vorticity vector
is conserved, the subscript t on £ in Eq. (2) may be dropped.

In Ref. 2, it is stated that Eq. (1) in Ref. 1, i.e., the vector identity
V x n = 0, is in error (see Ref. 2, p. 124). The fact that the vector
identity V x n = 0 in general does not hold is irrelevant for the
analysis in Ref. 1 . In contrast to the discussion in Ref. 2, in the local
parallel surface coordinate system (with the shock surface used as
a director surface) used by Hayes, the vector identity V x n = 0 is
indeed correct. To see this, let dn be a differential distance normal to
the shock. The gradient operator V is split into vector components
tangent and normal to the shock surface by

V = V, + n •

from which the curl of n is
dnV x n = V, x n + n x —
dn
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An elementary theorem in differential geometry is that V, x n = 0
on any surface for which n is the unit normal (see, for example,
Ref. 3, p. 223). Moreover, the trajectories orthogonal to a family
of parallel surfaces are straight lines along which dn/dn = 0;
hence V x n = 0. Thus, in contrast to claims of Ref. 2, Eq. (1)
in Ref. 1 and the preceding equations (1) and (2) are correct as
they stand. Note that although Hayes used a parallel surface co-
ordinate system in the neighborhood of the shock to arrive at his
results, the derived equations are independent of the coordinate
system.

Reference 2 goes on by presenting an equation for the vorticity
vector behind the shock, C2 [see Ref. 2, p. 123, Eq. (6.81)] and
states that it is different from the equation derived by Hayes and
attributes the difference to the aforementioned error in the analysis
by Hayes. This claim is also incorrect. First, Ref. 1 does not present
a general expression for £2 that is comparable to Eq. (6.81) of Ref.
2. Second, the objective of Ref. 1 is to obtain an expression for the
vorticity jump (i.e., 8Q across a general three-dimensional shock
front, and the vorticity vectors £1 and £2 are not separately of in-
terest. The most critical and serious claim in Ref. 2 is that Refs.
1 and 4 state that £2 is tangential to the shock's surface (see Ref.
2, p. 123). This is simply not the case. In Refs. 1 and 4 it is not
stated anywhere that the vorticity vector behind the shock is gen-
erally tangential to the shock's surface. If the flow upstream of the
shock is irrotational or the vorticity vector upstream of the shock
is tangential to the shock, £2 will indeed be tangential to the shock
surface. Except for these cases, £2 will not be tangential to the
shock.

An important consequence of deriving the vorticity jump relations
in a shock-based parallel surface coordinate system is the explicit
dependence of 8£ on the shock curvature tensor S = — Vtn when
the upstream flow is uniform. This symmetric 2 x 2 tensor contains
essential properties of the shock geometry. Let M be the mean
curvature and_/C the Gaussian curvature of any point on the shock.
The trace of S is 2M and its determinant is 1C. Both M and 1C are
scalar invariants, with numerical values independent of the choice of
parametric curves used to evaluate sJi on the shock. It is clear that the
shock-based parallel surface frame is the natural coordinate system
for the derivation of shock derivatives and vorticity jump relations.
A different reference frame would only obscure the relation between
<5£ and shock geometry.

Finally, the truly important contribution (and the really deep re-
sult) of Ref. 1 is that the vorticity jump across a general three-
dimensional gasdynamic discontinuity is a purely dynamical rela-
tion obtainable without recourse to the first law of thermodynam-
ics (or Crocco's vorticity theorem). Thus, the relations obtained by
Hayes generalize those obtained by Truesdell and Lighthill (see
cited references in Ref. 1) for the vorticity behind a steady curved
shock in a uniform flow.
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